Black holes and gravitational waves in string cosmology by Copeland, Edmund J et al.
ar
X
iv
:g
r-q
c/
98
03
07
0v
1 
 1
9 
M
ar
 1
99
8
Black holes and gravitational waves in string cosmology
Edmund J. Copeland
Centre for Theoretical Physics, University of Sussex, Falmer, Brighton BN1 9QJ, U. K.
Andrew R. Liddle
Astronomy Centre, University of Sussex, Falmer, Brighton BN1 9QJ, U. K.
James E. Lidsey
Astronomy Centre and Centre for Theoretical Physics, University of Sussex, Falmer, Brighton BN1 9QJ, U. K.
David Wands
School of Computer Science and Mathematics, University of Portsmouth, Portsmouth PO1 2EG, U. K.
(September 27, 2018)
Pre–big bang models of inflation based on string cosmology produce a stochastic gravitational wave
background whose spectrum grows with decreasing wavelength, and which may be detectable using
interferometers such as LIGO. We point out that the gravitational wave spectrum is closely tied to
the density perturbation spectrum, and that the condition for producing observable gravitational
waves is very similar to that for producing an observable density of primordial black holes. Detection
of both would provide strong support to the string cosmology scenario.
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I. INTRODUCTION
The pre–big bang string cosmology scenario is a novel
way of producing inflation which capitalizes on the ki-
netic energy of a scalar field, the dilaton, rather than the
potential energy as in conventional models [1]. It pos-
sesses two phases, the first known as the dilaton phase
and the second the string phase. (For a recent review, see
e.g. Ref. [2]). During the dilaton phase, the space–time
curvature and gravitational coupling both grow with time
until the former reaches the string scale, although the lat-
ter may still be small. At this stage non–perturbative ef-
fects become important and the universe enters the string
phase, where the dynamics are much less certain. Even-
tually the string phase gives way to the standard hot big
bang picture.
Scalar (density) and tensor (gravitational wave) per-
turbations are generated in the universe during the dila-
ton phase, and can be calculated using standard tech-
niques [3,4]. A much-advertized prediction of the dila-
ton phase is that the spectrum of gravitational waves is
steeply rising to short scales, in contrast to potential-
driven inflation models where it must decrease as one
looks to shorter scales. In the latter case, the Cos-
mic Background Explorer (COBE) observations already
guarantee that the stochastic gravitational wave back-
ground lies orders of magnitude below the sensitivity
of even advanced versions of the Laser Interferometric
Gravitational Wave Observatory (LIGO) currently un-
der construction [5]. In the dilaton phase, however, the
spectrum rises as k3 (k being the comoving wavenum-
ber), which has led several authors to suggest that LIGO
may be able to detect these perturbations [4].
However, the adiabatic density perturbations that are
also produced during the dilaton phase have an extremely
similar amplitude on a given scale to that of the gravita-
tional waves [6,7]. We define the scalar and tensor ampli-
tudes A2S and A
2
T as in Ref. [8] (note that AS is the same
as δH of Ref. [9] and represents the density contrast at
Hubble–radius–crossing during a matter–dominated era).
The present energy density of gravitational waves is given
from the initial amplitude by [10]
Ωgw(k) =
25
6
A2T
zeq
, (1)
where zeq = 24 000Ω0h
2 is the redshift of matter radi-
ation equality. Here Ω0 and h are the present density
parameter and Hubble parameter, in the usual units.
We write the tensor to scalar ratio as
A2T
A2S
= ǫ . (2)
In a conventional inflation model ǫ is the usual slow-roll
parameter [11], and in the slow–roll approximation it is
bounded, 0 < ǫ < 1, and normally much less than one.
In the dilaton phase of string cosmology, however, ǫ
equals 3. Although the dilaton phase is far from the
usual slow-roll limit, the general relativistic result that
ǫ = 1/p for power-law inflation/deflation, where the scale
factor a ∝ tp, still holds. This result is exact because the
scalar and tensor perturbations obey the same evolution
equation and the ratio is then fixed by their normaliza-
tion as adiabatic vacuum fluctuations on small scales. In
conventional power-law inflation p > 1 and thus ǫ < 1,
but in the Einstein frame of low-energy string theory the
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dilaton phase corresponds to a collapsing universe with
p = 1/3 [12]. This is a generic prediction for adiabatic
density perturbations in any model which is conformally
equivalent to a collapsing universe in Einstein gravity,
as this represents massless fields with a maximally stiff
equation of state dominating the energy density as the
scale factor a → 0. We will discuss the possible effect of
non-adiabatic perturbations later.
Combining Eqs. (1) and (2), we find that on any scale k
A2S =
1
3
A2T = 2× 10−3
Ωgw
10−6
Ω0h
2 . (3)
Thus, both A2S and A
2
T exhibit an increase as k
3 with
wavenumber in the pre-big bang scenario [6].
II. GRAVITATIONAL WAVES
A very detailed analysis of the detectability of the grav-
itational waves by LIGO has been made by Allen and
Brustein [13]. LIGO is sensitive to frequencies around
f ≈ 100Hz. During the dilaton phase Ωgw grows as k3,
and this portion of the spectrum is characterized by the
frequency, fs, and fractional energy density, Ω
s
gw, at the
point where the dilaton phase ends. Note that the fre-
quency f and wavenumber k are interchangeable, since
we set c = 1. If the string phase is inflationary, then
higher frequency gravitational waves will be produced,
but our understanding of the generation of perturbations
is much less certain. Allen and Brustein take the spec-
trum to have an arbitrary slope β in this region [13].
During an inflationary string phase, all scalar and tensor
perturbations that exited during the dilaton phase will
remain beyond the Hubble radius. Thus, in what follows,
we assume that Eq. (3) remains valid over those scales
where f < fs and, furthermore, that the frequencies ac-
cessible to LIGO lie in this regime, i.e., that these modes
exited the Hubble radius during the dilaton phase.
Allen and Brustein demonstrate that much of the
parameter space where a stochastic gravitational wave
background could be detectable by the initial LIGO con-
figuration is already excluded by primordial nucleosyn-
thesis bounds [13,14]. From here on, therefore, we focus
on the advanced LIGO configuration. For a frequency at
the end of the dilaton phase around 100 Hz, advanced
LIGO can probe to Ωsgw ∼ 10−9. For comparison, the
nucleosynthesis bound is Ωgw <∼ 5× 10−5.
III. DENSITY PERTURBATIONS AND BLACK
HOLES
Density perturbations whose amplitude is of order
unity when they re-enter the Hubble radius can imme-
diately collapse to form primordial black holes. Because
black holes redshift more slowly than the radiation, which
is assumed dominant, even a very modest initial frac-
tion (perhaps 10−20 by mass) can be observationally con-
strained. Hence, any black holes which form correspond
to high-sigma fluctuations in the density field, whose
mean square perturbation must therefore be well below
unity.
Assuming the standard cosmology (we shall exam-
ine alternatives later), the epoch during the radiation–
dominated era when a comoving scale f∗ equals the Hub-
ble scale is determined by
f∗
f0
=
H∗a∗
H0a0
≈ T∗
Teq
z1/2eq (4)
where f0 = a0H0 = 3h × 10−18 Hz is the mode that is
just re-entering the Hubble radius today. Since Teq =
24 000Ω0h
2 T0 ≈ 1eV, we have
f∗
100Hz
≈ T∗
109GeV
. (5)
The mass of black holes forming from perturbations
that collapse immediately after re-entry is given by the
horizon mass at that time, up to a numerical factor of
order unity. In a radiation-dominated universe, this is
given approximately by Mhor ≈ 1032(T/GeV)−2g, and
the black hole mass for a given mode f∗ is therefore
M ≈ 1014
(
100Hz
f∗
)2
g . (6)
Whether or not black holes of massM form is governed
by the dispersion σ of the matter distribution smoothed
on the length scale R giving that horizon mass. The
dispersion is defined as (see e.g. Ref. [9])
σ2(R, t) =
(
10
9
)2 ∫ ∞
0
(
k
aH
)4
A2S(k)W
2(kR)
dk
k
, (7)
where AS is related to Ωgw by Eq. (3), the time-
dependence is carried by the aH factor, and the pref-
actor appears because we are considering radiation dom-
ination rather than the usual matter domination. We
take the smoothing window W (kR) to be a gaussian; for
an A2S ∝ k3 spectrum the top-hat filtered dispersion re-
mains dominated by the shortest scales rather than the
smoothing scale and so such smoothing is unsuitable.
We first assume that there are no scalar perturbations
generated during the string phase (the ‘dilaton only’ sce-
nario in the language of Allen and Brustein [13]), so the
spectrum vanishes for f > fs. The steeply-rising spec-
trum will guarantee that only modes close to fs can give
significant black hole production. We measure R in units
of k−1s , and consider the dispersion σhor when that scale
R crosses the horizon, so that aH = 1/R. Substituting
in from Eq. (3) gives
σ2hor(ksR) = 2× 10−3Ω0h2
Ωsgw
10−6
(8)
×(ksR)4
∫ 1
0
k˜6W 2(k˜ksR) dk˜ .
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For ksR ≪ 1 (small scales) this is small due to the
prefactor, as the perturbations contributing to σ are on
longer scales than the horizon and have not had time to
grow to their horizon-crossing value. For ksR≫ 1 (large
scales) this is small as the dominant short-scale pertur-
bations have been smoothed out. Therefore σhor peaks
for R ≃ k−1s , and it is on this scale that black holes pre-
dominantly form.
There are some uncertainties in the exact parameters
required for black hole formation, though these are not
particularly important for our calculations. The usual
criterion during radiation domination is that black holes
form in any region with density contrast greater than
a threshold δc = 1/3 when they enter the horizon, and
that the corresponding black hole mass is 0.2 times the
horizon mass (see e.g. Ref. [15]).
Given the dispersion σ, the fraction of the Universe
in regions with density contrast exceeding δc is given by
the integral over the tail of the gaussian, yielding a mass
fraction
β = erfc
(
δc√
2σhor(ksR)
)
, (9)
where ‘erfc’ is the complementary error function
erfc(x) ≡ 2√
π
∫ ∞
x
exp(−u2) du . (10)
This expression is familiar from Press–Schechter theory
in large-scale structure studies, and gives the fraction of
the total mass in black holes with a mass greater than or
equal to the smoothing mass.∗
Black holes of mass 109g evaporate around nucleosyn-
thesis, while those of mass 5 × 1014g are evaporating at
the present epoch. Black holes within this mass range are
constrained by a range of different observations, summa-
rized in Refs. [16,17]. Those of mass above 5×1014g have
negligible evaporation, and are constrained by their con-
tribution to the present total matter density. In all cases,
the initial mass fraction of black holes must be tiny, since
it grows in proportion to the scale factor during the long
radiation-dominated epoch.
Equation (6) shows that primordial black holes which
are evaporating at the present epoch are formed from
density perturbations with the same comoving wave-
length as the gravitational waves which LIGO hopes to
detect. As the error function depends so strongly on its
argument, we can adopt an extremely qualitative view of
the observations; namely, that for the standard cosmol-
ogy the initial mass fraction β should be no more than
∗We have included the factor two multiplier on the right-
hand side on Eq. (9) which is added in the large-scale
structure context to ensure underdense regions contribute to
gravitationally-bound objects. Inclusion or otherwise of this
factor has a completely negligible impact on our results.
10−20 on those scales [16,17]. As erfc−1(10−20) ≃ 6 the
observational constraint† corresponds to σhor < 0.04.
To convert this into a constraint on Ωsgw, note that for
a gaussian smoothing, W (y) = exp(−y2/2),
max
{
x4
∫ 1
0
k˜6W 2(k˜x) dk˜
}
≃ 0.15 at x ≃ 1.74 . (11)
Thus, the main black hole formation corresponds to
R = 1.74/ks, and the fraction of the total mass in black
holes above the corresponding formation mass (in prac-
tice dominated by black holes close to this mass) is given
by Eq. (9). Hence the gravitational wave amplitude lead-
ing to a black hole density at the current observational
limit is, from Eq. (8),
Ωsgw =
5× 10−6
Ω0h2
. (12)
For plausible values of Ω0h
2, this is a little below
the bound on gravitational waves from nucleosynthesis,
which in this dilaton-only scenario is Ωsgw < 5 × 10−5
[13,14].
IV. COMPLICATIONS
A. Non-adiabatic perturbations
In taking the ratio ǫ between the tensor and scalar
perturbations to be exactly 3, we have assumed that the
scalar curvature perturbations are due to purely adia-
batic fluctuations. This is a natural assumption in many
conventional models of inflation where fluctuations in
only one scalar field determine the final amplitude of den-
sity perturbations. However, in the low energy effective
action there are many massless fields, with associated
spectra of fluctuations [18]. This may be very important
for calculating the perturbations on large scales where
the fluctuations in the dilaton, and other fields minimally
coupled in the Einstein frame, are strongly suppressed.
Indeed, if the pre–big bang era is to be able to generate
seed perturbations for large-scale structure, then non-
adiabatic perturbations in other scalar fields, such as the
axion fields, must play a significant role [18].
A gaussian spectrum of non-adiabatic perturbations,
uncorrelated with the original adiabatic spectrum, can
only add to the overall scalar curvature perturbation
power spectrum [19,20]. We can represent their effect by
introducing an effective value of ǫeff < 3 during the pre–
big bang phase. The maximum density of gravitational
†For comparison erfc−1(10−10) ≃ 4.5, from which we realize
that it doesn’t really matter what mass fraction we adopt as
the constraint.
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waves compatible with current limits on the number den-
sity of black holes given in Eq. (12) then becomes
Ωsgw =
( ǫeff
3
) 5× 10−6
Ω0h2
. (13)
That is, non-adiabatic perturbations lower the gravita-
tional wave amplitude corresponding to the black hole
limits.
B. String phase
We are assuming that the string phase has just the
right properties to place the end of the dilaton phase
into the observable window. Assuming efficient reheat-
ing (Treh ∼ 1018 GeV), this requires the string phase
to be inflationary, with an expansion factor of about
Treh/10
9GeV ∼ 109, since during radiation domination
aH ∝ T . The string phase must be inflationary for the
gravitational waves generated in the dilaton phase to be
detectable by LIGO, because otherwise the k3 growth
(relative to a scale-invariant spectrum) will lead to exces-
sive black hole production on somewhat shorter scales,
and also enough short-scale gravitational waves to dis-
rupt nucleosynthesis [13]. However, the requirement that
we see the end of the dilaton phase is not too unreason-
able, since the LIGO sensitivity is not far from requiring
that AT be of order unity, a natural condition for string
effects to become important.
We would then require an abrupt turn over in the
spectrum to avoid large perturbations on shorter scales.
Such behaviour has in fact been found in a toy model
[21]. We therefore are in effect assuming a ‘minimal’ sce-
nario, where it is assumed that significant perturbations
are only generated in the dilaton phase.‡
If the expansion factor during the string phase exceeds
109, the frequency band accessible to the LIGO configu-
ration would correspond to modes that went beyond the
Hubble radius during this phase rather than the dilaton
phase. The dynamics of this string phase where non-
perturbative corrections are expected to become impor-
tant is extremely uncertain. Gasperini [22] has shown
that if the space–time curvature and kinetic energy of the
dilaton field remain constant, the first–order corrections
in the inverse string tension do not significantly affect the
time evolution of the tensor perturbations, although the
tilt of the spectrum may deviate from three due to the
unknown behaviour of the scale factor.
Maggiore and Sturani [23] have attempted to describe
the evolution of scalar perturbations through this era. In
‡The expression for the perturbations also assumes zero dila-
ton mass. Since this is disallowed in the present universe, it is
usually argued that the dilaton acquires a mass at a relatively
low energy scale such as the supersymmetry scale.
practice our calculation of the formation of black holes
from density perturbations is not very sensitive to the
precise tilt of the spectrum and merely assumes that the
perturbations are growing towards a maximum at the
scale ks. Similarly the relation between A
2
T and the loga-
rithmic density Ωgw on a given scale used in Eq. (3) does
not depend on the spectrum. However we have assumed
that the ratio ǫ is exactly 3 (or less than 3 if we allow non-
adiabatic perturbations). In all other known inflationary
scenarios the effective value of ǫ is less than 3 and it is
tempting to conjecture that 3 is the maximum possible
value in any inflationary scenario. If so, the maximum
density of gravitational waves compatible with black hole
limits would remain that given by Eq. (12).
To produce ǫ > 3 requires that we suppress scalar
perturbations while still generating tensor perturbations.
This seems to be difficult in standard theories of inflation,
where one will always get perturbations in the field which
controls the duration of inflation, but in the absence of
any specific calculation for the perturbations in the string
phase we cannot directly constrain the gravitational wave
spectrum in terms of the scalar perturbations.
Finally, it is worth remarking that larger black holes
with masses in the range 10−3M⊙ ≤ M ≤ 1M⊙ could
form by the mechanism outlined above, if the string phase
is of the correct duration to place the end of the dilaton
phase at the appropriate wavelength. This would have
important implications for interpreting the microlensing
events observed in our galaxy.
C. Reheating
The relation between modes leaving the horizon at the
end of the dilaton phase and their comoving scale in the
radiation-dominated era depends not only on the dura-
tion of the string phase, but also the reheat temperature
at the start of the hot big bang. If reheating after the pre–
big bang era is due to the decay of weakly coupled mas-
sive particles produced at the end of the string era, then
the initial Hubble rate at the start of the hot big bang
could be well below the string scaleMst. The equation of
state of an extended phase dominated by a massive scalar
field undergoing coherent oscillations is effectively that of
a pressureless fluid and this implies that aH ∝ t−1/3 [24].
This may reduce the required 109 expansion of the string
phase. For example, if the universe is dominated by such
a field between energy scales 1018GeV and 109GeV, the
inflationary expansion during the string phase should be
106 to place the end of the dilaton phase in the required
range.
Black hole formation is not suppressed on frequencies
above fs if the spectrum of scalar perturbations gen-
erated during the string phase is flat or continues to
grow on small scales. An extended mass spectrum of
primordial black holes may form if the spectrum is pre-
cisely flat [15]. However, even a very small increase to-
4
wards smaller scales implies that the mass spectrum will
be dominated by the smallest black holes. This case
may have interesting consequences for string cosmology.
Black holes with masses as small as M = O(m2Pl/Mst)
could then form, where mPl ≈ 10−5g is the Planck
mass, and in most supersymmetric grand unified theo-
ries, 10−2 < Mst/mPl < 10
−1 [25]. The only observa-
tional constraint below 104 g arises if black holes leave
behind stable Planck mass relics in the final stages of
their evaporation, but this now seems unlikely in view
of the recent developments in the understanding of black
hole evaporation in string theory (for a recent review, see,
e.g. Ref. [26]). The copious production and rapid evapo-
ration of black holes on these extremely small scales then
provides a natural mechanism for black hole reheating of
the universe after the string phase has ended [16,27,28].
D. Thermal Inflation
It is known that late entropy release, for instance from
the decay of long-lived massive particles or evaporation
of mini black holes, could suppress the present density of
both black holes and gravitational waves [29]. However
the constraint on the scalar perturbation amplitude is
relatively insensitive to the number density of black holes,
so late entropy release could only tighten the upper limit
on the maximum amplitude of gravitational waves.
An extreme version of late entropy release is a second,
relatively short, period of inflation known as ‘thermal in-
flation’ [30]. Thermal inflation has been proposed within
the context of supersymmetric theories as a solution to a
generic problem of inflationary models, such as the pre–
big bang scenario, that have high reheat temperatures.
This problem arises because moduli fields can come to
dominate the universe before the onset of nucleosynthe-
sis. Thermal inflation resolves this problem by diluting
the moduli fields’ energy density by a sufficient factor. If
ai and af denote the scale factors at the onset and end
of thermal inflation respectively, then, like other massive
relics, the density of black holes is diluted by a factor
(af/ai)
3 relative to the radiation produced at the end of
thermal inflation.
Thermal inflation is driven by a scalar field with vac-
uum expectation value M ≫ 103GeV and mass corre-
sponding to the supersymmetry scale, m ≈ 103 GeV.
Typically, it begins when the temperature falls below
T ≈ (mM)1/2 and ends when T ≈ m, so the expansion
factor is af/ai ≈ (M/m)1/2. Successful nucleosynthesis
requiresM ≤ 1014 GeV [31] and this implies that thermal
inflation must begin below about 108 GeV.
Equation (4) requires modification if thermal inflation
occurs, and one finds that the modes relevant to LIGO
are within the Hubble radius throughout thermal infla-
tion. This dramatically alters the density of gravitational
waves on these wavelengths. Once gravitational waves
have re-entered the Hubble length their energy density
evolves like ordinary radiation. Although it is not di-
luted relative to other radiation in the standard radiation
dominated era, it is diluted relative to the total energy
density during thermal inflation. Thus, for scales which
remain within the horizon throughout a period of ther-
mal inflation, the energy density is diluted by a factor
(ai/af)
4 ≈ (m/M)2 ∼ 10−22. Because we require that
the initial amplitude A2T is less than unity, this dilutes the
intensity of gravitational waves to way below the LIGO
sensitivity.
This is quite a powerful and model-independent con-
clusion. Thermal inflation makes it impossible for LIGO
to see a stochastic gravitational wave background gener-
ated in the very early universe.
V. SUMMARY
In the simplest pre–big bang scenario, a detection of
gravitational waves at a high level implies that there
should also be significant black hole production. There
are many ways in which the simplest scenario may need
amendment, such as nonadiabatic perturbations or late
entropy production, and these changes reduce the max-
imum allowed gravitational wave amplitude. Therefore,
if one were to detect gravitational waves at a high level,
above that given by Eq. (12), without detecting black
holes, it would suggest they were not produced in a dila-
ton driven pre–big bang phase.
Alternatively, one might detect both, but with the
gravitational waves well below the result of Eq. (12).
That would give an estimate of the importance of the
various additional effects which would need to be incorpo-
rated into the scenario. However, if gravitational waves
are not detected, this could be for any of several reasons
and would not say anything much about the pre–big bang
scenario.
To conclude, in the pre–big bang cosmology there are
prospects for detection of both gravitational waves and
black holes. Detection of the two in concert would pro-
vide strong supporting evidence for the pre–big bang sce-
nario.
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